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Bayesian Approach to Guidance in the Presence of Glint
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When tracking targets with radar, changes in target aspect with respect to the observer can cause the apparent
center of radar re� ections to wander signi� cantly. The resulting noisy angle errors are called target glint. Glint may
severely affect the tracking accuracy, particularly when tracking large targets at short ranges (such as might occur
in the � nal homing phase of a missile engagement). The effect of glint is to produce heavy-tailed, time-correlated
non-Gaussiandisturbances on the observations. It is well known that the performance of the Kalman� lter degrades
severely in the presence of such disturbances. We propose a random-sample-based implementation of a Bayesian
recursive � lter. This � lter is based on the Metropolis–Hastings algorithm and the Gaussian sum approach. The key
advantage of the � lter is that any nonlinear/non-Gaussian system and/or measurement models can be routinely
implemented. Tracking performance of the � lter is demonstrated in the presence of glint.

I. Introduction

G LINT is de� ned as the inherentcomponentof error in a radar’s
measurement of position or Doppler frequency of a complex

target due to interference of the re� ections from different elements
of the target. A complex target, such as an aircraft or tank, may be
consideredas being made up of a number of independentscattering
elements. The radar return from such a target is the vector sum
of the radar returns from each of the individual scatterers. As the
relative position of the radar and the scatterers changes, the relative
phase of the radar returns varies, causing large � uctuations in the
combined signal. The change in relative phase of the signal returns
causes a change in the apparent target center and, hence, the angular
error measured by the radar. This angular noise or scintillation is
called glint. Glint can cause the apparent location of the target to
fall outside of its physical span (this can be simply demonstrated
by analysis of a two-source target). The linear displacement of the
apparent target position due to glint varies inversely with range. As
a rough guide, the standard deviation of the angular glint from an
aircraft target is about kL /R, where L is the wing span of the target,
R is the rangeto the target,and k is a constanttakinga valuebetween
0.1 and 0.2 (Ref. 1).

Glint is particularly troublesome for target tracking because it is
a low-frequency effect, the bandwidth of the error typically being
a few hertz. In Ref. 2, the correlation time tgc of the glint noise is
shown to be approximately

tgc ¼ ¸

3:4!a L
(1)

where ¸ is the wavelength of the radiation, !a is the rate of change
of the aspect angle (radian per second) and L is the span of the
target across the line of sight. For example, with L D 10:0 m,
!a D 0:01 rad/s, and ¸ D 0:03 m, we have tgc ¼ 0:1 s. Because of
the low frequency of glint, it may not be possible to distinguish
between actual target motion and glint errors.

The probabilitydensity function (PDF) of the glint error has been
shown to follow a (time-correlated) Student-t distribution.The Stu-
dent t is a heavier tailed distributionthan the Gaussian and has been
extensively used as a model for outliers.3¡5
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Bayesian methods provide a rigorous general framework for dy-
namic state estimation problems. The Bayesian approach is to con-
struct the PDF of the state based on all of the available informa-
tion. In Sec. II, the general recursive Bayesian � lter for discrete
time state-space models is described. Under the assumptions of
linear-Gaussian measurement and system models, this reduces to
the Kalman � lter; the required PDF remains Gaussian at every it-
eration of the � lter, and the Kalman � lter relations propagate and
update the mean and covariance of the distribution. For nonlinear
or non-Gaussian problems, e.g., glint, there is no general analytic
(closed-form) expression for the required PDF. In Sec. III, approxi-
mation techniques for implementing the Bayesian � lter with partic-
ular reference to the problem of glint are discussed.

In Sec. IV, the new random-sample-based Bayesian–Metropolis
� lter algorithm is outlined. More complete descriptionsof the tech-
niques used are given in Appendix A for the Gaussian mixture ap-
proximationalgorithmandAppendixB for theMetropolis–Hastings
algorithm.Section V gives a two-dimensionaltarget trackingexam-
ple. Measurement errors are generated according to a glint model
derived from physical principles.6 The � lter measurement model
is of autocorrelated, heavy-tailed non-Gaussian noise. The perfor-
mance of the Bayesian–Metropolis � lter is compared with that of
an interacting multiple model- (IMM-) based � lter.7

II. Recursive Bayesian Estimation
In this paper we are concerned with the discrete time estimation

problem. The state vector, xk 2 <n is assumed to evolve according
to the following system model:

xk C 1 D fk.xk ; wk/ (2)

where fk : <n £ <m ! <n is the system transition function and
wk 2 <m is a white noise sequence independent of past and cur-
rent states. The PDF of wk is assumed known. At discrete times,
measurements yk 2 <p become available. These measurements are
related to the state vector via the observation equation

yk D hk.xk ; vk / (3)

where hk : <n £ <r ! < p is the measurement function and vk 2 <r

is another white noise sequence of known PDF, independent of
past and present states and the system noise. It is assumed that the
initial PDF p.x1 j D0/ ´ p.x1) of the state vector is available to-
gether with the functional forms fi and h i for i D 1; : : : ; k. The

478



GORDON AND WHITBY 479

available information at time step k is the set of measurements
Dk D fyi : i D 1; : : : ; kg.

The requirement is to construct the PDF of the current state xk ,
given all of the available information: p.xk j Dk ). In principle, this
PDF may be obtained recursively in two stages: prediction and up-
date. Suppose that the required PDF p.xk ¡ 1 j Dk ¡ 1) at time step
k ¡ 1 is available. Then using the system model, it is possible to
obtain the prior PDF of the state at time step k:

p.xk j Dk ¡ 1/ D p.xk j xk ¡ 1/p.xk ¡ 1 j Dk ¡ 1/ dxk ¡ 1 (4)

Here the probabilistic model of the state evolution, p.xk j xk ¡ 1 ),
which is a Markov model, is de� ned by the system equation (2) and
the known statistics of wk ¡ 1.

Then at time step k, a measurement yk becomes available and
may be used to update the prior via Bayes rule:

p.xk j Dk / D
p.yk j xk/p.xk j Dk ¡ 1/

p.yk j Dk ¡ 1/
(5)

where the normalizing denominator is given by

p.yk j Dk ¡ 1/ D p.yk j xk /p.xk j Dk ¡ 1/ dxk (6)

The conditional PDF of yk given xk , p.yk j xk ), is de� ned by the
measurementmodel (3) and the known statisticsof vk . In the update
equation (5), the measurement yk is used to modify the predicted
prior from the previous time step to obtain the required posterior of
the state.

The recurrencerelations (4) and (5) constitute the formal solution
to the Bayesian recursive estimation problem. Analytic solutions to
this problem are only available for a relatively small and restrictive
choiceofsystemandmeasurementmodels,themost importantbeing
the Kalman � lter, which assumes fk and hk are linear and wk and
vk are additive Gaussian noise of known variance. Considerations
of realism imply that these assumptions are unreasonablefor many
applications.

The extended Kalman � lter is the most popular approximate ap-
proach to recursivenonlinearestimation.8 Here the estimationprob-
lem is linearized about the predicted state so that the Kalman � lter
can be applied. In this case, the required PDF is still approximated
bya Gaussian,whichmay bea grossdistortionof the trueunderlying
structure and can lead to � lter divergence. Other analytic approx-
imations include the Gaussian sum � lter9 and methods based on
approximating the � rst two moments of the density.3 A more direct
numerical approach is to evaluate the required PDF over a grid in
state space.4;5 The choice of an ef� cient grid is nontrivial, and in
a multidimensional state space a very large number of grid points
may be necessary. A signi� cant computation must be performed at
each point.

In Ref. 10, a method (called the bootstrap � lter) of representing
and recursively generating an approximation to the state PDF was
proposed. The central idea was to represent the required PDF as a
set of randomsamples, rather than as a functionover state space. As
the number of samples becomes very large, they effectivelyprovide
an exact, equivalent, representationof the required PDF. Estimates
of moments (such as mean and covariance) or percentilesof the state
vector PDF can be obtaineddirectly from the samples. If necessary,
a functional estimate of the PDF could also be constructed from
the samples,11 and from this, estimates of highest posterior density
intervals or the mode could be obtained. The bootstrap approach
has been successfully applied to problems in nonlinear estimation
and target tracking.12;13 The Bayesian–Metropolis � lter described
in Sec. IV is an alternative to the bootstrap� lter. A random-sample-
based technique avoids the need to de� ne a grid in state space, the
samples being naturally concentrated in regions of high probabil-
ity density. It also has the great advantage of being able to handle
any functional nonlinearity and system or measurement noise of
any distribution.Different, but related approachesutilizing random
samples can be seen in Refs. 14–16.

III. Approaches to Tracking with Glint
Many researchers have considered the problem of � ltering in the

presence of heavy-tailed non-Gaussian measurement errors. Simi-
larly, the problem of estimation with time-correlated (or colored)
measurement noise has been investigated. However, previous at-
tempts at dealing with glint measurement noise do not appear to
have consideredthe combinedeffect of thesepropertieson the mea-
surement noise. Reference17 considers the applicationof the score
function method3 to glint tracking. The score function effectively
leads to modi� ed Kalman update equations using nonlinear func-
tionsof the innovationin the mean and covarianceupdateequations.
The exact equations3 require an analyticallyintractableconvolution
operation, and so Ref. 17 proposes a simplifying normal expan-
sion of the density to facilitate the convolution.This is extended in
Ref. 18 to incorporate the score method with the IMM algorithm to
track maneuveringtargets. In Ref. 7, the measurementnoise is mod-
eled as a mixture of a Gaussian with a contaminating heavy-tailed
distribution,and then the IMM � lter is used for estimation.

The effect of time correlationon the measurement errorswas � rst
consideredby Bryson and Henrickson,19 who modeled the time cor-
related errors as the output of an autoregressive model driven by
white noise. By differencing successive measurements, they were
able to write the � lter in standard format and so use the Kalman
� lter. Time correlated measurements were also considered by
Bar-Shalom et al.,20 who describe the application of the IMM � lter
to this problem.

IV. Bayesian–Metropolis Filter
Supposewe have a set of independentrandomsamples fxk ¡ 1.i/ :

i D 1; : : : ; N g from the PDF p.xk ¡ 1 j Dk ¡ 1 ). The Bayesian–

Metropolis � lter is an algorithmfor propagatingand updating these
samples to obtain a set of values fxk .i/ : i D 1; : : : ; N g, which are
approximately distributed as independent random samples from
p.xk j Dk ). Thus, the � lter is an approximate mechanization (simu-
lation) of the relations (4) and (5).

Prediction
Noting the approximate result

p.xk j Dk ¡ 1/ D p.xk j xk ¡ 1/p.xk ¡ 1 j Dk ¡ 1/ dxk ¡ 1

¼ N ¡1
N

i D 1

p[xk j xk ¡ 1 D xk ¡ 1.i/] (7)

where fxk ¡ 1.i/ : i D 1; : : : ; N g are N independent, identically dis-
tributed (IID) samples from p.xk ¡ 1 j Dk ¡ 1 ), the following algo-
rithm is suggested.12

1) Uniformly resample (with replacement) the values fxk ¡ 1.i/g
N ¤ times.

2) Pass each resampled value through the system model.
This generates the required expanded sample set fx¤

k .i/ : i D
1; : : : ; N ¤g. Note that N ¤ > N , and in general it is suggested that
N ¤ > 10N . These are independent random samples from the PDF
p.xk j Dk ¡ 1). These samples are used to generate a Gaussian mix-
ture approximation to the prior PDF at time step k:

Op.xk j Dk ¡ 1/ D
C .k/

i D 1

¼i N .xkI m i ; Vi / (8)

where C.k/ is the number of components required to approximate
the N ¤ point discrete sample set, m i the mean of the i th component,
Vi the covariance of the i th component, and ¼i the weight attached
to i th component with

C .k/

i D 1

¼i D 1 (9)

By using a mixture approximation to the discrete sample set, we
effectively � ll in the gaps left between the samples in a way consis-
tent with thedispositionof probabilitymass indicatedby the relative
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location and importance of the samples. The cluster algorithmused
to generate the mixture is outlined in Appendix A. Estimates of the
mean and covarianceof the prior at time step k are available:

E.xk j Dk ¡ 1/ D Nmk D
C .k/

i D 1

¼i m i (10)

V .xk j Dk ¡ 1/DPk D
C.k/

i D 1

¼i Ci C .m i ¡ Nmk /.m i ¡ Nmk /T (11)

Update
On receipt of the measurement yk , the posterior PDF at time step

k is available (up to proportionality) as

p.xk j Dk / / p.yk j xk /

C.k/

i D 1

¼i N .xk ; m i ; Ci / D sk.xk / (12)

The Metropolis–Hastings algorithm (see Appendix B) is applied
to Eq. (12) to give N random samples, which are approximately
distributedas p.xk j Dk ). Also obtained by ergodic averagingof the
chain are approximationsto the posterior mean and covariance, mk

and Ck . These samples are then passed to the prediction phase of
the algorithm for recursive implementation.

V. Tracking and Guidance with Glint Noise
Consider a simple single-plane model of a typical air-to-ground

engagement. The airframe is simply represented by a critically
damped second-orderresponse,with latax limiting. Initially the air-
frame is in level � ight at 100 m/s, 800 m downrange of the target
and 300 m above the target. It is assumed that range and range rate
are available from the seeker. Three different target conditions are
examined: stationary,approachingat 10 m/s and recedingat 10 m/s.
The measured sightline is corrupted by glint simulated accordingto
the model of Ref. 6, with the varianceof the error increasingas range
decreases.The airframe is guidedusinga standardproportionalnav-
igation guidance law. An example glint error history over a � ight
is shown in Fig. 1. The presence of positive time correlation, large
error spikes, and increasing variance with decreasing range are all
easily observed.The performanceof the Bayesian–Metropolis � lter
will be compared with that of the IMM-based method proposed in
Ref. 7.

Fig. 1 Glint measurement error, radian.

For both � lters under consideration,the system model is taken to
be

xk D .µ Pµ v/T
k D

1 T 0

0 1 ¡ 2T ¹ 0

0 0 ¯

xk ¡ 1

C
T 2=2 0

T 0

0 1

wk

uk
D Fk xk C 0k wk (13)

where T is the sample period of 0.05 s with a data rate of 20 Hz,
where p.wk/ D N .0; q/ and p.uk / D t.0; s; d/, and where t .a; b; c/
is a Student-t density of mean a, scale b, and degrees of freedom
c, and ¹ D Pr=r . The variables µ and Pµ represent sightline angle and
sightline angular rate, respectively, with respect to inertial, nonro-
tating axes. The sequence fvkg represents the time-correlated com-
ponent of the measurement error, and the Student-t driving noise
on this sequence leads to heavy-tailednon-Gaussianerrors. The pa-
rameter ¯ must have absolute value less than unity for stationarity
of the noise sequence. A large positive value for ¯ , e.g., ¯ D 0:9,
leads to positivelycorrelatederrors; large negativevalues of ¯ , e.g.,
¯ D ¡0.9, cause negative correlation in the error sequence, and if
¯ D 0, then the sequenceis uncorrelated.Thus, a positivevalue for ¯
is appropriate for a glint representation.The model used for the re-
ceived measurement depends on the � lter.

The IMM � lter was set up as in Ref. 7. Two models are con-
sidered: with and without correlatedmeasurement errors. Thus, the
models have the same dynamic model but model i .i D 1; 2/ has
measurement equation

yk D H i
k xk C ek (14)

where

H 1
k D .1 0 1/ (15)

H 2
k D .1 0 0/ (16)

and p.ek / D N .0; r /. The model Markov switching probabilityma-
trix is taken to be

P D
0:9 0:1

0:1 0:9
(17)

The initial model probabilities are taken to be equal.
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Fig. 2 Cumulative miss distances (meters): stationary target.

Fig. 3 Cumulative miss distances (meters): target approaching.

For the Bayesian–Metropolis � lter (see Appendix B for explana-
tionof the speci� ed chainparameters), the initial stateof theMarkov
chain is set at the prior mean Nmk [where Nmk D E.xk j Dk ¡ 1/]. The
chain is generated by using an 80:20 mixture of random walk and
autoregressivechoices for the candidategeneratingdensityq.x; x0).
The initialscaleof the randomwalk chainis set to Pk D V .xk j Dk ¡ 1)
and scale adaptationused with ± D 1%. The current value of the er-
godic approximation to the posteriormean is used for the re� ection
point in the autoregressive chain. The burn-in section of the chain
was set at 1000iterationsand thedecorrelationgap to 10.The sample
sizes were set to N D 200 and N ¤ D 2000, i.e., a boosting factor of
10 for the predictivestep.The maximum allowednumberof compo-
nents in the mixture reductionprocess is set to 20. The measurement
model is taken to be

yk D .1 0 1/xk C ek (18)

again, with p.ek / D N .0; r/.

For both � lters, the model parameters are taken to be q D
E[w2

k ] D 5 deg2/s2, r D E [e2
k ] D 0:8 deg2, ¯ D 0:9, and d D 2. Fil-

ter performance is summarized by the terminal miss distance, and
50 Monte Carlo runs were performed for each of the three target
motions. Figures 2–4 show the results in the form of a cumulative
miss-distance curve. For the stationary target, there is practically
zero sightline rate throughout the � ight, and hence, very little in-
formation is obtained on target location. The IMM and Bayesian–

Metropolis � lters give practically identical performance. However,
when there is informationin the measurements(due to targetmotion
inducing a relative sightline rate), the Bayesian–Metropolis � lter is
able to make better use of the available information, and so, as is
clear from Figs. 3 and 4, it yields improved miss-distance perfor-
mance compared to the IMM. Figure 5 shows the rms estimation
errors of angle for the case where the target is moving away. The
nonstationary variance of the measurement errors is immediately
evident. At long range the glint effect is negligible, and both IMM
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Fig. 4 Cumulative miss distances (meters): target moving away.

Fig. 5 Root mean square estimation errors (degree): target moving away.

and Bayesian–Metropolis � lters exhibit similar error characteris-
tics. However, during the terminal phase of the engagement, the
improved implementation of the non-Gaussian model lowers the
error in the Bayesian–Metropolis � lter, and this is the key factor
leading to reduced miss distance.

VI. Concluding Remarks
We have presented a new random-sample-based approach to

the implementation of general nonlinear/non-Gaussian � lters. The

key Bayesian update stage of the � lter is implemented via the
Metropolis–Hastings algorithm. This is a method for generating
random samples from an unnormalized PDF by the process of
simulating an associated Markov chain. The required posterior is
obtained up to proportionality by the use of a Gaussian sum ap-
proximation to the predictive distribution.The mixture approxima-
tion is created via the clustering algorithm of Ref. 21. Use of the
Metropolis–Hastingsalgorithmallowsus to obtaingoodapproxima-
tions to moments of the posteriordistribution(via ergodicaveraging
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of the Markov chain) in addition to random samples of the posterior
PDF.

The Bayesian–Metropolis � lter is valid for (practically) any
nonlinear/non-Gaussian measurement and system model choices.
We have demonstrated the ef� cacy of the method against time-
correlated non-Gaussian measurement errors, such as would be
encountered when tracking in the presence of glint noise. Filter
performance is seen to be superior to the IMM. This performance
improvement is gained at the expense of a signi� cantly increased
computational overhead, which increases run time in our simula-
tions by a factor of around 1000. However, it should be noted that
no attempt has been made to optimize the ef� ciency of the code,
and in addition, the Bayesian–Metropolis algorithm is particularly
well suited to parallel implementation.

Appendix A: Mixture Approximation
by Component Merging

Given a set of discrete independentrandomsamples, it is required
to generate a � nite mixture approximation to the prior PDF at time
step k:

Op.xk j Dk ¡ 1/ D
C.k/

i D 1

¼i d.xk j m i ; Vi / (A1)

where d.x j m; V / is a density function of random variable x, cen-
tered at modem andscaledby somepositivede� nitematrix V . A key
example11 has d.x j m; V / D N .xI m; V /, the density of a multivari-
ate Gaussian with mean m and covariancematrix V . Other possibil-
ities include choosingd to be a multivariateStudent-t distribution.16

In this paper, we only consider Gaussian mixture approximations.
This gives

Op.xk j Dk ¡ 1/ D
C .k/

i D 1

¼i N .xkI m i ; Vi / (A2)

where C.k/ is the number of components required to approximate
the N point discrete sample set, m i the mean of the i th component,
Vi the covariance of the i th component, and ¼i the weight attached
to i th component with ¼1 C ¢ ¢ ¢ C ¼N D 1.

To generatethe mixture approximation(A2) we considerthe clus-
tering method of Ref. 21. This consists of a way of merging together
the individual points to create the mixture. The aim is to take the
sample points fx¤

k .i/ : i D 1; : : : ; N ¤g and produce a mixture of the
form of Eq. (A2). The cluster algorithm is designed to reduce a
Gaussian mixture with N1 components to a Gaussian mixture with
N2 components .N2 < N1/. If we set

Op1.xk j Dk ¡ 1/ D
N ¤

i D 1

qi N xk I x¤
k .i/; hV (A3)

where V is the sample covariance matrix (of the sample set) and
h 2 <C, then we can use this method for our problem: We aim to
merge Eq. (A3) into a Gaussianmixturewith C.k/ components.The
cluster algorithm has the following properties.

1) Reduction in mixture size should continue as long as the un-
derlying structure of the distribution is not signi� cantly altered.
Conversely, to avoid retaining unnecessary components, reduction
should continue until this limit is reached.The measure of structure
is derived from a decomposition of the overall sample covariance
matrix.

2) The approximationshouldpreservethemean and covarianceof
the sampleset.This is donefor thepragmaticreasonthat theseare the
most commonly required summary statistics, and so it makes sense
to ensure that these are not altered under the mixture approximation
procedure.

3) The maximum number of mixture components allowed after
approximationshouldbe speci� ed.Clearly themaximumthatcanbe
allowed depends on the available computationalpower and storage
capacity.

The cluster algorithm is based on the proposition that the mixture
componentswith the largestweightingscarry the most important in-
formation.Thus, startingwith the largestcomponent, this algorithm

gathers in all surrounding components that are in some sense close
to the principal component. Subsequently,the largest componentof
the remainder is selected, and the process is repeated until all of the
components have been clustered.

Appendix B: Metropolis–Hastings Algorithm
Suppose we wish to sample from the posterior distribution

p.x j D/, but cannot do this directly. However, suppose that it is
possible to construct a Markov chain, which is straightforward to
simulate from, whose equilibrium distribution is p.x j D/. If this
chain is then run for a long time, simulated values from the chain
can be used as a basis for summarizing features of the posterior
p.x j D/. To implement this strategy, we need algorithms for con-
structing chains with speci� ed equilibrium distributions.

If x1; x2; : : : ; x t ; : : : is a realization from an appropriate chain,
then it can be shown22 that, as t ! 1

xt ! x » p.x j D/

in distribution

t¡1
t

i D 1

g.x i / ! Ex j D[g.x/]

almost surely. Clearly, successive x t will be correlated, so that, if
the � rst of these asymptotic results is to be exploited to mimic a
random sample from p.x j D/, suitable spacings will be required
between realizations used to form the sample, or parallel indepen-
dent realizations of the chain might be considered. The second of
the asymptotic results implies that ergodic averaging of a function
of interest over realizations from a single run of the chain provides
a consistent estimator of its expectation. Simple examples of func-
tions of interest (for scalar x) are g.x/ D x, which yields E.x j D/
and g.x/ D [x ¡ E.x j D/]2, which gives V .x j D/. We now outline
a particular form of Markov chain scheme that has proved popular
for a range of applications. This algorithm is due to Ref. 23 who
adapted the work of Ref. 24. For further details of Markov chain
Monte Carlo procedures and their application see Refs. 25 and 26.

A. Metropolis–Hastings Algorithm
This algorithmconstructsa Markovchainx1; x2; : : : ; xt , : : : , with

equilibrium distribution p.x j D/ by de� ning the transition from
xt D x to the next realized state xt C 1 as follows. Let q.x; x0/ be
an arbitrary transition probability function such that, if xt D x, the
vector x0 drawn from q.x; x0/ is consideredas a candidate value for
xt C 1. With probability®.x; x0/, the candidatevalue is accepted,and
xt C 1 D x0; otherwise, the candidatevalue is rejected,and xt C 1 D xt .
The acceptance probability is de� ned as

®.x; x0/ D min
p.x 0 j D/q.x 0; x/

p.x j D/q.x; x 0/
; 1

if p.x j D/q.x; x0/ > 0 (B1)

and ®.x; x0/ D 1 if p.x j D/q.x; x0/ D 0. Then if q.x; x0/ is chosen to
be irreducibleand aperiodic,this can be shownto be a suf� cient con-
dition for p.x j D/ to be the equilibrium distributionof the chain.22

It is important to note that the distribution of interest p.x j D/ only
enters ®.x; x0) through the ratio p.x0 j D/=p.x j D/. This is crucial
because the distributiononly needs to be speci� ed up to proportion-
ality, i.e., likelihoodtimes prior, for algorithm implementation,thus
circumventing the need to obtain a normalization constant for the
posterior distribution [see Eq. 12].

Because the Markov chain has the posterior distribution as its
stationarydistribution in the limit, it is usual to run the chain for an
initial transient (or burn-in) period and then to discard this portion
of the chain. The values obtained from then on are considered to be
approximately distributed as the distribution of interest. However,
neighboringstates in the chain exhibit dependence,so that to obtain
independent random samples it is necessary to leave a gap (called
the decorrelation gap) between states. It is also necessary to carry
out numerical checks as the chain progresses (particularlywhen the
chain accesses regionsof low posteriorprobability). An example of
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a possible check is to ensure that the ergodicmean estimate satis� es
the modal condition.27

B. Choices of Candidate Generating Function: q.x; x0/
We now considervariouspossiblechoicesof candidategenerating

density. For a more complete discussion see Ref. 22.

Random Walk Chains
The candidate state is generated by taking the current state and

adding to it a random vector drawn from some � xed distribu-
tion, e.g., multivariate normal or Student-t distribution. In this case
q.x; x0/ D q.x0; x/ and the acceptance criterion reduces to

®.x; x0/ D min
p.x 0 j D/

p.x j D/
; 1 (B2)

In choosing the scale of the � xed distribution, a tradeoff must
be made between the higher acceptance probabilities arising from
smaller jumps in the random walk and the reduced correlation in
the chain obtainedby making the distributionof candidatevalues as
diffuseas possible.Two possiblemethods of setting the scalematrix
are as follows.

1) Use a constant c times the inverse information at the poste-
rior mode. Suggested values22 are c D 0:5 or 1, although no � rm
guidelines are available.

2) During the initial transient period, adapt the scale by in-
� ating by ±% whenever a sample is accepted and shrinking by
100=.100 C ±/% whenever a candidate is rejected. This should give
a � nal acceptance rate of about 50%. Typical values for ± are 1, 5,
or 10.

Independence Chain
Here candidate states are drawn from a � xed density f . In this

case q.x; x0/ D f .x0/ and the acceptance probability is

®.x; x0/ D min
w.x 0/

w.x/
; 1 (B3)

where w.x/ D p.x j D/= f .x/. The independencechain Metropolis–

Hastings algorithm is closely related to the corresponding impor-
tancesamplingprocess.Candidatestateswith low weights are rarely
accepted, whereas candidate states with high weights are usually
accepted, and the process will usually remain at these points for
several steps, thus allowing repetition to build up weight on these
points within the chain. If some points have very high weight, the
chain may get stuck at these points for a long time. Thus, it is useful
to choose f to producea weight function that is boundedand nearly
constant. This occurs when f very closely resembles p.x j D/, but
has thicker tails. If the weight function is constant, then candidate
states are never rejected,and the chain producesan IID sample from
p.x j D/. A popular choice for f is a multivariate Student-t density
with a low degree of freedom.

Autoregressive Chain
This is an intermediate strategy between random walk and inde-

pendencechains.Candidatestatesare obtainedbygenerating² from
a � xed density f and setting x0 D a C b.x ¡ a/ C ² , where a and b
are � xed constants. Thus, q.x; x0/ D f .x0 ¡ a ¡ b.x ¡ a//, where
b D 1 reduces this to a random walk chain and a D b D 0 gives an
independencechain. If b D ¡1, then the candidate state is obtained
by re� ecting the current state about a and adding ². In this case
q.x; x0/ D f .x C x0 ¡ 2a/ D q.x0; x/. This was suggestedby Ref. 23
as a method of inducing negative correlation between successive
states in the chain. This is useful because it should reduce the vari-
ance of estimates of expectationsof linear functions.The re� ection
strategy is most useful when the density p.x j D/ is approximately
symmetric about a.

Combined Strategy Chain
These chain strategies can be used in their simple forms just de-

scribed, or they can be combined to form a compound strategy (or

hybrid strategy22 ). For example, the chain could be formed as a re-
peatingcycleof randomwalk and independencesteps.Alternatively,
the current choice of strategy can be randomly selected according
to mixing probabilities.The advantage of using mixed strategies is
that it can help to avoid the problem of the chain getting stuck in a
small portion of state space.

C. Determining the Accuracy of Moment Estimates
For an IID sample of size n from the posterior p.x j D/, the vari-

ance of the sample mean is ¾ 2=n, where ¾ 2 is the posteriorvariance.
However, when using a realization of a Markov chain, there exists
dependence between terms in the chain. If the correlation between
terms separated by a lag j on the chain is ½ j , then it can be shown28

that, for a scalar state,

V . O¹/ D ¾ 2

n
1 C 2

n ¡ 1

j D 1

1 ¡
j

n
½ j (B4)

where O¹ is the sample mean. Because ½ j is often positive, it can
be seen that the standard error for dependent observations is greater
than that for IID observations, and hence a longer chain will be
required for a given accuracy. If the chain can be modeled as a � rst-
order autoregressive process of parameter ® (where ¡1 · ® · 1/,
then ½ j D ®j j j, and it follows that

V . O¹/ D
¾ 2

n

1 C ®

1 ¡ ®
¡

2®.1 ¡ ®n/

n.1 ¡ ®/2
(B5)

which asymptotically (as n ! 1/ becomes

V . O¹/ D .¾ 2=n/[.1 C ®/=.1 ¡ ®/] (B6)

Hence, a rough estimate of ® can be used to adjust the standard
error and allow for chain dependence. Note that if negative corre-
lation can be induced in the chain then the standard error will be
reduced relative to IID observations, and hence a shorter chain can
be used for a given accuracy. This is the reason for considering the
autoregressive chain structure described earlier. It is also possible
to use the estimated value of ® (and, hence, ½ j ) to set the required
decorrelationgap.
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